Introduction
We study the Riemann zeta and Dirichlet eta function using the theory of fractional parts. By theory of fractional parts, I mean to imply a study of integrals of the form 1 r q p {f (x)} dx where the notation {x} is the fractional part of x. For complex numbers, z = x+iy we define the fractional part as {z} = {x} + i{y}. It is not hard to grasp that for all real numbers 0 < {x} < 1 and for all complex numbers 0 < |{z}| < √ 2 2 Formula's for ζ(s) and η(s)
We already have,
which, is known to be valid for all ℜ(s) > 0. [1] We derive a similar integral that gives the Dirichlet eta function η(s) for all ℜ(s) > 0
An expression for η(s) using fractional part
Theorem: For the Dirichlet eta function defined by for all
we get an equivalent expression in the form for all ℜ(s) > 0 where κ(t) = {t/2} + 1/2 − {t/2 + 1/2}, and the expression being given by
Proof: A simple simplification of the integral shall prove this case. We have for all t ∈ [1, ∞] κ(t) = 0 or 1. It is not hard to see that κ(t) = 0 whenever t ∈ [2k, 2k + 1) and 1 whenever t ∈ [2k − 1, 2k) for all positive integers k. Hence, we can write the integral as
Giving us the sum
which is nothing but η(s). Since we already know that this sum converges for ℜ(s) > 0, we get our result.
The equation for non-trivial zeros
Theorem: The non-trivial zeros ρ of the Riemann zeta function (0 < ℜ(ρ) < 1) satisfy the equation
Now from equation (2) substituting 2t in place of t and simplifying for η(ρ) = 0 gives us
Whenever t ∈ [1/2, 1) we have κ(2t) = 1. Substituting (3) in equation (4) and evaluating gives us
which is our desired result.
Equation (5) is the main equation in this paper. All non-trivial zeros ρ of the Riemann zeta function satisify this equation.
